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RELATIONS BETWEEN TWO LOG MINIMAL MODELS OF LOG
CANONICAL PAIRS
KENTA HASHIZUME
Abstract. We study relations between two log minimal models of a fixed lc pair. For
any two log minimal models of an lc pair constructed with log MMP, we prove that
there are small birational models of the log minimal models which can be connected
by a sequence of flops, and the two log minimal models share some properties. We also
give examples of two log minimal models of an lc pair which have different properties.
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1. Introduction
Throughout this paper we work over the complex number field C, and log minimal
model means log minimal model in the classical sense ([11, Definition 3.50]).
For any projective lc pair whose log canonical divisor is pseudo-effective, it is expected
that there exists at least one log minimal model of the lc pair. The main technique
to construct a log minimal model is the log minimal model program (log MMP, for
short), and it is conjectured that all log MMP terminate after finitely many steps. In
the case of surfaces, it is known that log minimal model of any lc surface is unique.
On the other hand, when the dimension of the underlying variety of an lc pair is more
than two, log minimal models of the lc pair are not uniquely determined. Therefore,
it is natural to investigate relations between resulting log minimal models of log MMP
starting with a fixed lc pair. It is known by Birkar–Cascini–Hacon–McKernan that
any two Q-factorial log minimal models of a klt pair with a big boundary divisor are
connected by a sequence of flops ([1, Corollary 1.1.3]). On the other hand, Kawamata
[8] proved that any birational map between two Q-factorial terminal pairs over a variety
with relatively nef log canonical divisors can be decomposed into a sequence of flops.
In this paper, we aim to generalize these results to not necessarily Q-factorial lc pairs.
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Recently, the author and Hu [7] proved that for any not necessarily Q-factorial lc pair
over a variety, if its Q-factorial dlt model has a log minimal model then we can run
a log MMP for the lc pair terminating with a log minimal model. So it is natural to
consider generalizations to lc pairs.
For any two log minimal models (X,∆) and (X ′,∆′) of a given lc pair constructed
by running log MMP, the naturally induced birational map φ : X 99K X ′ has three
important properties: φ is small (i.e., isomorphic in codimension one), φ∗∆ = ∆
′, and
there is an open subset U ⊂ X such that φ is an isomorphism on U and all lc centers of
(X,∆) intersect U (see Lemma 2.8). Taking this into consideration, in this paper, we
deal with lc pairs (X,∆) and (X ′,∆′) over a variety Z such that KX +∆ and KX′ +∆
′
are nef over Z and there is a birational map φ : X 99K X ′ satisfying the three conditions
stated above.
The following theorems are main results of this paper.
Theorem 1.1. Let π : X → Z and π′ : X ′ → Z be projective morphisms from normal
quasi-projective varieties to a quasi-projective variety Z, and let (X,∆) and (X ′,∆′) be
lc pairs such that KX +∆ and KX′ +∆
′ are nef over Z. Suppose that there is a small
birational map φ : X 99K X ′ over Z such that
• ∆′ = φ∗∆, and
• there is an open subset U ⊂ X such that φ is an isomorphism on U and all lc
centers of (X,∆) intersect U .
Then, there are projective small birational morphisms f : X → X and f ′ : X
′
→ X ′
from normal quasi-projective varieties such that f and f ′ are compositions of extremal
contractions and the induced birational map f ′−1 ◦ φ ◦ f : X 99K X
′
is a composition of
flops for KX + f
−1
∗
∆ over Z
X = X0
ϕ0
//❴❴❴❴❴❴❴
!!❉
❉❉
❉❉
❉
X1 //❴❴❴
}}③③
③③
③③
· · · //❴❴❴ X i
ϕi
//❴❴❴❴❴❴
!!❈
❈❈
❈❈
❈
X i+1 //❴❴❴
{{①①
①①
①①
①
· · · //❴❴❴ X l = X
′
V0 Vi
satisfying the following property:
(∗) For any 0 ≤ i < l, the birational morphisms X i → Vi and X i+1 → Vi of the flop
are extremal contractions.
In particular, X i is Q-factorial if and only if Xi+1 is Q-factorial for any 0 ≤ i < l, and
each ϕi induces an isomorphic linear map ϕi∗ : N
1(X i/Z)R → N
1(X i+1/Z)R.
Theorem 1.2. Let π : X → Z, π′ : X ′ → Z, (X,∆), (X ′,∆′) and φ : X 99K X ′ be as
in Theorem 1.1. Then the followings hold true.
• X has a small Q-factorialization if and only if X ′ has a small Q-factorialization,
• there is an isomorphism Rpπ∗OX
∼
−→ Rpπ′
∗
OX′ of sheaves for any p > 0, and
• for any Cartier divisor D on X such that D ≡Z r(KX + ∆) for an r ∈ R, the
birational transform φ∗D is Cartier and φ∗D ≡Z r(KX′ +∆
′).
For definition of extremal contractions, see Definition 2.1. We emphasize that D and
φ∗D in the third assertion of Theorem 1.2 are Cartier. To prove these results, we apply
a result of non-Q-factorial log MMP ([7, Theorem 1.7]). For details, see Section 3.
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By Theorem 1.2, we obtain the following result.
Corollary 1.3. Let X → Z be a projective morphism from a normal quasi-projective
variety to a quasi-projective variety and (X,∆) an lc pair such that ∆ is a boundary
Q-divisor. Let (X,∆) 99K (Y,Γ) and (X,∆) 99K (Y ′,Γ′) be two sequences of steps of
the (KX +∆)-MMP over Z to log minimal models. Then the followings hold true.
• the Cartier index of KY + Γ coincides with that of KY ′ + Γ
′, and
• when Z is a point, Pic(Y )R ≃ N
1(Y )R if and only if Pic(Y
′)R ≃ N
1(Y ′)R.
Unfortunately, there are two (not necessarily Q-factorial) log minimal models of an
lc pair which cannot be connected by a sequence of flops (see Example 4.1). In addition
to this example, in Section 4, we introduce various examples related to the main results.
In Example 4.3, we give a flop for an lc pair which does not satisfy the condition (∗)
in Theorem 1.1 (see also Remark 4.4). In Example 4.5, we give two projective lc pairs
with nef log canonical divisors such that the two lc pairs are isomorphic in codimension
one but the assertion of Theorem 1.1 and the three assertions of Theorem 1.2 do not
hold (for the second assertion of Theorem 1.2, see also Example 4.6). In particular,
Example 4.5 shows that to prove the same conclusions as in Theorem 1.1 and Theorem
1.2, the hypothesis on the existence of an open subset is necessary. Related to Corollary
1.3, in Example 4.8, we construct two projective lc pairs with nef log canonical divisors
such that the pairs are isomorphic in codimension one and Cartier indices of the log
canonical divisors are different. Ideas of examples 4.3–4.6 and 4.8 are inspired by [9,
Exercise 96] (see also [3, Example 7.7]), and these examples are similar to [4, Example
3.13.9] by Fujino, which shows that flops do not always preserve dlt property.
The contents of this paper are as follows: In Section 2, we collect some definitions.
In Section 3, we prove Theorem 1.1, Theorem 1.2 and Corollary 1.3. In Section 4, we
give some examples.
Acknowledgments. The author was partially supported by JSPS KAKENHI Grant
Number JP19J00046. He thanks Professor Yoshinori Gongyo, Doctor Masaru Nagaoka
and Doctor Shou Yoshikawa for discussions and comments. He thanks Professor Osamu
Fujino for comments and informing him of [4, Example 3.13.9]. He thanks the referee
for a lot of suggestions.
2. Preliminaries
Divisors and morphisms. Let π : X → Z be a projective morphism from a normal
variety to a variety, and let D1 and D2 be two R-Cartier divisors on X . Then D1 and
D2 are numerically equivalent over Z, denoted by D1 ≡Z D2, if (D1 ·C) = (D2 ·C) for
all curves C ⊂ X contained in a fiber of π. When D1 ≡Z 0, we say D1 is numerically
trivial over Z. Let N1(X/Z)R be the R-vector space consisting of all R-Cartier divisors
on X modulo numerical equivalence over Z. Then the relative Picard number ρ(X/Z)
is defined by the dimension of N1(X/Z)R as an R-vector space. It is known that
ρ(X/Z) < ∞. When Z is a point we remove Z in the above notation, i.e., D1 ≡ D2,
D1 ≡ 0, N
1(X)R, and ρ(X).
Definition 2.1 (Contraction and extremal contraction, see also [11, Definition 3.34]).
Let f : X → Y be a projective morphism from a normal variety to a variety. Then f is
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a contraction if f is surjective and has connected fibers. A contraction f is an extremal
contraction if for any two Cartier divisors D1 and D2, there are a1, a2 ∈ Z which are
not both zero and a Cartier divisor DY on Y such that a1D1 − a2D2 ∼ f
∗DY .
For any surjective morphism X → Z of normal projective varieties, we have ρ(X)−
ρ(Z) ≥ ρ(X/Z). In general, the equality does not hold (see, for example, [5, V, Exercise
1.6]).
Singularities of pairs. A pair (X,∆) consists of a normal variety X and a boundary
R-divisor ∆ on X such that KX +∆ is R-Cartier. For any pair (X,∆) and any prime
divisor P over X , we denote by a(P,X,∆) the discrepancy of P with respect to (X,∆).
In this paper, we use the standard definitions of Kawamata log terminal (klt, for short)
pair, log canonical (lc, for short) pair and divisorially log terminal (dlt, for short) pair
as in [1]. When (X,∆) is an lc pair, an lc center of (X,∆) is the image on X of a prime
divisor P over X whose discrepancy a(P,X,∆) is equal to −1.
Models. We define some models used in this paper.
Definition 2.2. In this paper, weak lc models, log minimal models and log canonical
models are defined in the classical sense ([11, Definition 3.50]). We write down the
definitions of those models.
Let (X,∆) be an lc pair and X → Z a projective morphism to a variety. Let X ′ → Z
be a projective morphism from a normal variety and let φ : X 99K X ′ be a birational
contraction over Z such that KX′ + φ∗∆ is R-Cartier. Put ∆
′ = φ∗∆. Then the pair
(X ′,∆′) is a weak log canonical model (weak lc model, for short) of (X,∆) over Z if
• KX′ +∆
′ is nef over Z, and
• for any prime divisor D on X which is exceptional over X ′, we have
a(D,X,∆) ≤ a(D,X ′,∆′).
A weak lc model (X ′,∆′) of (X,∆) over Z is a log minimal model if
• the above inequality on discrepancies is strict.
A log minimal model (X ′,∆′) of (X,∆) over Z is a good minimal model if
• KX′ +∆
′ is semi-ample over Z.
A weak lc model (X ′,∆′) of (X,∆) over Z is a log canonical model if
• KX′ +∆
′ is ample over Z.
In this paper, we do not assume log minimal models to be Q-factorial or dlt.
For any lc pair (X,∆) on a normal quasi-projective variety X , we can construct a
dlt blow-up (Y,Γ)→ (X,∆) of (X,∆) as in [2, Theorem 10.4] or [10, Theorem 3.1].
Definition 2.3 (D-flip). Let X → Z be a projective morphism from a normal variety
to a variety and D an R-Cartier divisor on X . A birational morphism f : X → V over
Z, where V is projective over Z and normal, is a D-flipping contraction over Z if
• ρ(X/V ) = 1,
• f is small, i.e., f is isomorphic in codimension one, and
• −D is ample over V .
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Let f ′ : X ′ → V be a projective birational morphism over Z from a normal variety X ′,
and let ϕ : X 99K X ′ be the induced birational map. Then f ′ is a flip of f if
• f ′ is small, and
• ϕ∗D is R-Cartier and ample over V .
We sometimes call the whole diagram D-flip.
Definition 2.4 (flop (cf. [3, Definition 7.5]) and symmetric flop). Let X → Z be a
projective morphism from a normal variety to a variety, and let (X,∆) be an lc pair.
In this paper, a flop for KX +∆ over Z consists of the following diagram
X
ϕ
//❴❴❴❴❴❴❴
f
##❋
❋❋
❋❋
❋❋

✹✹
✹✹
✹✹
✹✹
✹✹
✹✹
X ′
f ′
{{✇✇
✇✇
✇✇
✇
✠✠
✠✠
✠✠
✠✠
✠✠
✠✠
V

Z
such that
• f is a D-flipping contraction over Z for some R-Cartier divisor D on X ,
• f ′ is a flip of f , and
• KX +∆ ≡V 0.
In this paper, with notation as above, a flop for KX +∆ over Z is a symmetric flop if
• both f and f ′ are extremal contractions.
In general, flops are not always symmetric flops even if Z = SpecC, D = KX +B for
an lc pair (X,B) and ρ(X) = ρ(X ′) = ρ(V ) + 1 (see Remark 4.4).
The following lemma gives a sufficient condition for flops being symmetric.
Lemma 2.5. With notation as in Definition 2.4, suppose that
• Z is quasi-projective,
• ρ(X/Z) = ρ(X ′/Z), and
• there is an effective R-Cartier divisor E on X such that (X,∆ + E) is lc and
−(KX +∆+ E) is ample over V .
Then the flop is a symmetric flop. Furthermore, there is an effective R-Cartier divisor
F ′ on X ′ such that (X ′, ϕ∗∆+ F
′) is lc and −(KX′ + ϕ∗∆+ F
′) is ample over V .
Proof. Since Z is quasi-projective, (X,∆+E) is lc and −(KX +∆+E) is ample over
V , we can find an R-Cartier divisor H ≥ 0 on X such that (X,∆ + E +H) is lc and
KX + ∆ + E + H ≡V 0. Since ρ(X/V ) = 1, by applying the standard argument of
convex geometry and [2, Theorem 13.1], for any R-Cartier divisor G on X we can find a
real number r such that G−rD is R-linearly equivalent to the pullback of an R-Cartier
divisor on V . By taking the birational transform on X ′, we see that ϕ∗G− rϕ∗D is R-
linearly equivalent to the pullback of an R-Cartier divisor on V . Since ϕ∗D is R-Cartier,
ϕ∗G is also R-Cartier. In this way, for any R-Cartier divisor G on X the birational
transform ϕ∗G is R-Cartier. Then ϕ induces a linear map ϕ∗ : N
1(X/Z)→ N1(X ′/Z).
Since ϕ is small, by the negativity lemma, the linear map is injective. Then this is an
isomorphism because ρ(X/Z) = ρ(X ′/Z) by hypothesis.
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We first find an R-divisor F ′ ≥ 0 of Lemma 2.5. By definition of H , the divisor
KX′ +ϕ∗(∆+E +H) is R-Cartier. Furthermore, we have KX′ +ϕ∗(∆+E +H) ≡V 0,
and the pair (X ′, ϕ∗(∆ + E +H)) is lc by the negativity lemma. By definition, −E is
ample over V , so E ∼R,V αD for some α > 0. Then ϕ∗E ∼R,V αϕ∗D. Since ϕ∗D is
ample over V , we see that ϕ∗E is ample over V . Therefore, the divisor
−(KX′ + ϕ∗∆+ ϕ∗H) = −(KX′ + ϕ∗(∆ + E +H)) + ϕ∗E
is ample over V . Since ϕ∗E is effective, we see that the pair (X
′, ϕ∗(∆ + H)) is lc.
Putting F ′ = ϕ∗H , we get the desired effective R-divisor.
Next, we prove that the flop is a symmetric flop. We have seen that for any R-Cartier
divisor G on X we can find a real number r such that G − rD ∼R,V 0. From this, it
is easy to see that f : X → V is an extremal contraction. Let D′1 and D
′
2 be any
Cartier divisors on X ′. Since ϕ∗ : N
1(X/Z) → N1(X ′/Z) is an isomorphism, we may
find Q-Cartier divisors B1 and B2 on X such that ϕ∗B1 ≡Z D
′
1 and ϕ∗B2 ≡Z D
′
2. Since
(X ′, ϕ∗∆ + F
′) is lc and −(KX′ + ϕ∗∆ + F
′) is ample over V for some F ′ ≥ 0, by [2,
Theorem 13.1], we obtain ϕ∗B1 ∼Q,V D
′
1 and ϕ∗B2 ∼Q,V D
′
2. Furthermore, since f is
an extremal contraction, there are rational numbers a1, a2 which are not both zero such
that a1B1 ∼Q,V a2B2. Then
a1D
′
1 ∼Q,V a1ϕ∗B1 ∼Q,V a2ϕ∗B2 ∼Q,V D
′
2.
This shows that f ′ : X ′ → V is an extremal contraction. From these discussion, f and
f ′ are both extremal contractions, and we see that the flop is a symmetric flop. 
The following lemma states properties of symmetric flops.
Lemma 2.6. With notation as in Definition 2.4, the following properties hold true for
symmetric flops.
• ρ(X/V ) = ρ(X ′/V ) = 1,
• for any R-divisor G on X, the birational transform ϕ∗G on X
′ is R-Cartier if
and only if G is R-Cartier, in particular, X is Q-factorial if and only if X ′ is
Q-factorial, and
• the map ϕ induces an isomorphic linear map ϕ∗ : N
1(X/Z)R → N
1(X ′/Z)R, in
particular, the equality ρ(X/Z) = ρ(X ′/Z) holds.
Proof. The first property is clear. To prove the second and the third properties, we
apply proof of Lemma 2.5. Pick an R-divisor G on X , and suppose that G is R-Cartier.
As in the proof of Lemma 2.5, we can find a real number r such that G−rD is R-linearly
equivalent to the pullback of an R-Cartier divisor on V . Then ϕ∗G−rϕ∗D is R-linearly
equivalent to the pullback of an R-Cartier divisor on V , therefore ϕ∗G is R-Cartier. The
converse can be proved in the same way. Thus, the second property holds. For the third
property, we can easily check from the second property that there are natural linear
maps ϕ∗ : N
1(X/Z)R → N
1(X ′/Z)R and ϕ
−1
∗
: N1(X ′/Z)R → N
1(X/Z)R, and they are
inverse linear maps of each other. 
Log MMP. As in [4, 4.9], we may run non-Q-factorial log MMP for not necessarily
Q-factorial lc pairs. We recall some basic properties of non-Q-factorial log MMP.
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Remark 2.7 (see also [7, Remark 6.1]). Let (X1,∆1) be an lc pair, and let X1 → Z
be a projective morphism from a normal quasi-projective variety to a quasi-projective
variety. Let
(X1,∆1) 99K (X2,∆2) 99K · · · 99K (Xi,∆i) 99K · · ·
be a sequence of steps of a (KX1 +∆1)-MMP over Z.
(1) The map Xi 99K Xi+1 is a birational contraction for any i ≥ 1.
(2) By the cone theorem, for any i and anyQ-Cartier divisorDi onXi, the birational
transform Di+1 on Xi+1 is Q-Cartier.
(3) By (2) and the negativity lemma, if the birational map Xi 99K Xi+1 is small then
it induces a linear map N1(Xi/Z)R → N
1(Xi+1/Z)R by taking the birational
transform.
(4) If Xi is Q-factorial for some i ≥ 1, then Xj are Q-factorial for all j > i.
The following lemma follows from construction of log MMP.
Lemma 2.8. Let (X,∆) be an lc pair, and let X → Z be a projective morphism from
a normal quasi-projective variety to a quasi-projective variety. Let (X,∆) 99K (Y,Γ)
and (X,∆) 99K (Y ′,Γ′) be two sequences of steps of the (KX +∆)-MMP over Z to log
minimal models. Then the induced birational map φ : Y 99K Y ′ satisfies the followings.
• φ is small,
• Γ′ = φ∗Γ, and
• there is an open subset U ⊂ Y such that φ is an isomorphism on U and all lc
centers of (Y,Γ) intersect U .
Proof. We denote the log MMP X 99K Y (resp. X 99K Y ′) by ϕ (resp. ϕ′). For
any prime divisor P over X , denote the center of P on X (resp. Y , Y ′) by cX(P )
(resp. cY (P ), cY ′(P )). Let V ⊂ X (resp. V
′ ⊂ X) be the largest open subset on
which ϕ (resp. ϕ′) is an isomorphism. Since KY + Γ and KY ′ + Γ
′ are nef, by the
negativity lemma, we have a(P, Y,Γ) = a(P, Y ′,Γ′) for any prime divisor P over Y . By
definition of log minimal models, a prime divisor D on X is contracted by ϕ if and
only if a(D,X,∆) < a(D, Y,Γ). The same property holds for a(D, Y ′,Γ′) and ϕ′. In
particular, D is contracted by ϕ if and only if D is contracted by ϕ′. So the induced
birational map φ = ϕ′ ◦ ϕ−1 : Y 99K Y ′ is small, and Γ′ = φ∗Γ. Pick any prime divisor
P over Y with a(P, Y,Γ) = −1. Then a(P,X,∆) = a(P, Y ′,Γ′) = −1. Construction of
log MMP shows that discrepancy of any prime divisor over X strictly increases by the
(KX +∆)-MMP if and only if the center of the prime divisor on X is contained in non-
isomorphic locus of the (KX +∆)-MMP, therefore, the equality a(P,X,∆) = a(P, Y,Γ)
shows cX(P )∩ V 6= ∅. The same property holds for a(P, Y
′,Γ′) and cX(P )∩ V
′. So we
have cX(P )∩ (V ∩V
′) 6= ∅. Put U = ϕ(V ∩V ′). Then φ is an isomorphism on U . Since
cX(P )∩ (V ∩V
′) 6= ∅ for any prime divisor P over Y with a(P, Y,Γ) = −1, we see that
U intersects all lc centers of (Y,Γ). Hence (Y,Γ) and (Y ′,Γ′) over Z satisfy the three
properties of Lemma 2.8. 
We close this section with a result of non-Q-factorial log MMP for lc pairs, which
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Theorem 2.9 (cf. [7, Theorem 1.7]). Let π : X → Z be a projective morphism from
a normal quasi-projective variety to a quasi-projective variety, and let (X,∆) be an lc
pair. Suppose that (X,∆) has a weak lc model over Z in the sense of Definition 2.2.
Then there is a sequence of birational contractions
(X,∆) = (X1,∆1) 99K (X2,∆2) 99K · · · 99K (Xl,∆l)
of a non-Q-factorial (KX +∆)-MMP over Z that terminates with a log minimal model
(Xl,∆l) as in Definition 2.2.
Proof. We note that weak lc models as in Definition 2.2 are in particular weak lc models
in the sense of [6, Definition 2.6] and [7, Section 2]. If (X,∆) has a weak lc model over
Z as in Definition 2.2, by [6, Remark 2.10], we see that (X,∆) has a log minimal model
over Z in the sense of [6, Definition 2.6] and [7, Section 2]. Then Theorem 2.9 follows
from [7, Theorem 1.7]. 
3. Proofs of main results
Proposition 3.1. Let X → Z and X ′ → Z be two projective morphisms from normal
quasi-projective varieties to a quasi-projective variety Z, and let (X,∆) and (X ′,∆′) be
lc pairs such that KX +∆ and KX′ +∆
′ are nef over Z. Suppose that there is a small
birational map φ : X 99K X ′ over Z such that
• ∆′ = φ∗∆, and
• there is an open subset U ⊂ X such that φ is an isomorphism on U and all lc
centers of (X,∆) intersect U .
Then, there exists a projective small birational morphism ψ : X → X from a normal
quasi-projective variety such that
• ψ is an isomorphism over U , and
• there is an ample R-divisor A′ ≥ 0 on X ′ such that (X ′,∆′+A′) is lc and if we
set A as the birational transform of A′ on X, then KX +ψ
−1
∗
∆+A is R-Cartier
and the pair (X,ψ−1
∗
∆+ A) is lc.
Proof. Let f : Y → X be a log resolution of (X,∆) such that the induced birational
map g : Y 99K X ′ is a morphism. Let Γ be the sum of f−1
∗
∆ and the reduced f -
exceptional divisor. Let A′ ≥ 0 be an ample R-divisor on X ′ such that the pairs
(X ′,∆′+A′) and (Y,Γ+g∗A′) are lc. By running a (KY +Γ)-MMP with scaling over X ,
we construct a dlt blow-up f ′ : (Y ′,Γ′) → (X,∆). Let AY ′ be the birational transform
of g∗A′ on Y ′. Then the map Y 99K Y ′ is a sequence of steps of a (KY + Γ + t0g
∗A′)-
MMP for some t0 ∈ (0, 1). So there is t ∈ (0, t0) such that (Y
′,Γ′ + tAY ′) is lc and all
lc centers of the pair are lc centers of (Y ′,Γ′). Then all lc centers of (Y ′,Γ′ + tAY ′)
intersect f ′−1(U).
We show that (Y ′,Γ′ + tAY ′) has the log canonical model over X . It is sufficient to
prove that (Y ′,Γ′+ tAY ′) has a good minimal model over X . We set UY ′ = f
′−1(U). By
[6, Theorem 1.2], we only need to prove that the pair
(
UY ′ , (Γ
′+ tAY ′)|U
Y ′
)
has a good
minimal model over U . Since φ : X 99K X ′ is isomorphic on U , the divisor φ−1
∗
A′|U is
R-Cartier and AY ′|U
Y ′
is equal to the pullback of φ−1
∗
A′|U to UY ′ . Then we have
(∗) KU
Y ′
+ (Γ′ + tAY ′)|U
Y ′
= f ′|∗U
Y ′
(KU +∆|U + tφ
−1
∗
A′|U),
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thus the pair
(
UY ′, (Γ
′+tAY ′)|U
Y ′
)
itself is a good minimal model of
(
UY ′ , (Γ
′+tAY ′)|U
Y ′
)
over U . Therefore, (Y ′,Γ′ + tAY ′) has a good minimal model over X . In this way, we
see that (Y ′,Γ′ + tAY ′) has the log canonical model over X .
Let (Y ′,Γ′+ tAY ′) 99K (X,∆X+ tAX) be the birational contraction over X to the log
canonical model, where ∆X (resp. AX) is the birational transform of Γ
′ (resp. AY ′) on
X. Let ψ : X → X be the induced birational morphism. We prove that ψ is isomorphic
over U and small. By (∗), the restriction of KX+∆X+ tAX to ψ
−1(U) is trivial over U ,
so ψ is an isomorphism over U . This also implies that all f ′-exceptional prime divisors E
on Y ′ are contracted by Y ′ 99K X because −1 ≤ a(E, Y ′,Γ′+tAY ′) ≤ a(E, Y
′,Γ′) = −1
and all E intersect f ′−1(U) by our choice of t. In this way, we see that ψ is small. From
these facts, we see that ψ is isomorphic over U and small.
Finally, we prove that ψ is the desired birational morphism. But it is obvious from
construction. Indeed, ψ is small and it satisfies the first condition of Proposition 3.1.
Moreover the divisor tA′ satisfies the second condition of Proposition 3.1. 
Lemma 3.2. Let X → Z be a projective morphism from a normal variety to a variety.
Let W → Z be a projective morphism from a Q-factorial variety to Z such that there
is a birational contraction W 99K X over Z. Then ρ(W/Z) ≥ ρ(X/Z).
Proof. Take a common resolution f : W → W and g : W → X of the map W 99K X .
For any R-Cartier divisors D1 and D2 on X , if D1 −D2 ≡Z 0 then g
∗D1 − g
∗D2 ≡Z 0,
and f∗g
∗D1− f∗g
∗D2 ≡Z 0 by the negativity lemma. Thus, we can define a linear map
f∗g
∗ : N1(X/Z)R → N
1(W/Z)R by D 7→ f∗g
∗D. For any R-Cartier divisors D1 and D2
on X , if f∗g
∗D1 ≡Z f∗g
∗D2 then we have D1 ≡Z D2 since D1 and D2 are the birational
transforms of f∗g
∗D1 and f∗g
∗D2 on X , respectively. In this way, we see that the linear
map f∗g
∗ : N1(X/Z)R → N
1(W/Z)R is injective, so ρ(W/Z) ≥ ρ(X/Z). 
Lemma 3.3. Let (X,∆) be an lc pair and ψ : X ′ → X a projective small birational
morphism of normal quasi-projective varieties. Suppose that there exists an open subset
U ⊂ X over which ψ is an isomorphism and all lc centers of (X,∆) intersect U .
Then the followings hold true.
• Rpψ∗OX′ = 0 for any p > 0,
• ψ is an isomorphism or a composition of extremal contractions, and
• for any Cartier divisor D′ on X ′, if D′ ≡X 0 then there is a Cartier divisor D
on X such that D′ ∼ ψ∗D. In particular, ψ∗D
′ is Cartier.
Proof. Since ψ is small, we may assume that codimension of X ′ \ ψ−1(U) in X ′ is at
least two. First, we find an R-Cartier divisor G′ ≥ 0 on X ′ such that −G′ is ample over
X and (X ′, ψ−1
∗
∆+G′) is lc. We note that KX′ +ψ
−1
∗
∆ = ψ∗(KX +∆), so (X
′, ψ−1
∗
∆)
is lc and all lc centers of (X ′, ψ−1
∗
∆) intersect ψ−1(U). Pick an ample R-divisor A′ on
X ′, and pick an ample R-divisor H on X . Since ψ is an isomorphism over U , we can
find s > 0 such that the divisor (sψ∗H − A′)|ψ−1(U) is ample. Since all lc centers of
(X ′, ψ−1
∗
∆) intersect ψ−1(U), by taking the closure of a general member of the R-linear
system of (sψ∗H −A′)|ψ−1(U), we get an effective R-divisor H
′ ∼R sψ
∗H −A′ such that
SuppH ′ contains no lc centers of (X ′, ψ−1
∗
∆). Then −H ′ is ample over X and there is
t > 0 such that (X ′, ψ−1
∗
∆+ tH ′) is lc. Therefore G′ := tH ′ is the desired divisor.
10 KENTA HASHIZUME
From now on, we prove three assertions of Lemma 3.3. By construction, the divisor
−(KX′+ψ
−1
∗
∆+G′) is ample over X . Since (X ′, ψ−1
∗
∆+G′) is lc, we have Rpψ∗OX′ = 0
for any p > 0 by [4, Theorem 5.6.4]. We prove the second and the third assertion of
Lemma 3.3 by induction on ρ(X ′/X). If ρ(X ′/X) = 0, then ψ is an isomorphism and
the third assertion is clear. So suppose ρ(X ′/X) > 0. The pair (X ′, ψ−1
∗
∆ + G′) is lc
and the divisor KX′ + ψ
−1
∗
∆ + G′ is in particular not nef over X . By the cone and
contraction theorem ([4, Theorem 4.5.2]), there is an extremal contraction f : X ′ → X ′′
over X . Furthermore, [4, Theorem 4.5.2 (4) (iii)] shows that for any Cartier divisor D′
on X ′, if D′ ≡X 0 then there is a Cartier divisor D
′′ on X ′′ such that D′ ∼ f ∗D′′ and
D′′ ≡X 0. Since the morphism ψ : X
′ → X is an isomorphism over U and small, so is the
morphism X ′′ → X . We denote X ′′ → X by g. It is clear that ρ(X ′′/X) < ρ(X ′/X),
therefore we can apply the induction hypothesis to g. In this way, we see that ψ is
a composition of extremal contractions, and there is a Cartier divisor D on X such
that D′′ ∼ g∗D. Then D′ ∼ f ∗D′′ ∼ f ∗g∗D = ψ∗D. Thus the second and the third
statement hold. 
Theorem 3.4. Let π : X → Z and π′ : X ′ → Z be projective morphisms from normal
quasi-projective varieties to a quasi-projective variety Z, and let (X,∆) and (X ′,∆′) be
lc pairs such that KX +∆ and KX′ +∆
′ are nef over Z. Suppose that there is a small
birational map φ : X 99K X ′ over Z such that
• ∆′ = φ∗∆, and
• there is an open subset U ⊂ X such that φ is an isomorphism on U and all lc
centers of (X,∆) intersect U .
Then, there are projective small birational morphisms f : X → X and f ′ : X
′
→ X ′
from normal quasi-projective varieties such that f and f ′ are compositions of extremal
contractions and the induced birational map f ′−1 ◦ φ ◦ f : X 99K X
′
is a composition of
symmetric flops for KX + f
−1
∗
∆ over Z.
X = X0
ϕ0
//❴❴❴❴❴❴❴
g0

❃❃
❃❃
❃❃
❃❃
X1 //❴❴❴
g′0    
  
  
  
· · · //❴❴❴ X i
ϕi
//❴❴❴❴❴❴
gi

❂❂
❂❂
❂❂
❂❂
X i+1 //❴❴❴
g′
i~~⑥⑥
⑥⑥
⑥⑥
⑥⑥
· · · //❴❴❴ X l = X
′
V0 Vi
Furthermore, the following two conditions hold true.
(a) f and f ′ are isomorphisms over U and φ(U) respectively, and
(b) for each i and morphisms gi : Xi → Vi and g
′
i : X i+1 → Vi, there are R-divisors
Bi and Bi+1 on X i and X i+1 respectively such that (X i, Bi) and (X i+1, Bi+1)
are lc and −(KXi +Bi) and −(KXi+1 +Bi+1) are ample over Vi.
Note that the R-divisor Bi of Theorem 3.4 (b) for gi : X i → Vi is not necessarily the
same as the R-divisor of Theorem 3.4 (b) for g′i−1 : X i → Vi−1.
Proof of Theorem 3.4. By taking a common resolution of φ : X 99K X ′ and the
negativity lemma, we have a(P,X,∆) = a(P,X ′,∆′) for any prime divisor P over X .
Therefore, the set φ(U) intersects all lc centers of (X ′,∆′). We prove that there are
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projective small birational morphisms f : X → X and f ′ : X
′
→ X ′ from normal quasi-
projective varieties such that f and f ′ satisfy property (a) of Theorem 3.4 and the two lc
pairs (X, f−1
∗
∆) and (X
′
, f ′−1
∗
∆′) are connected by a sequence of symmetric flops which
satisfy property (b) of Theorem 3.4. If we can obtain these birational maps, then f and
f ′ are compositions of extremal contractions by Lemma 3.3, from which Theorem 3.4
holds true. In this way, it is sufficient to prove the statement. We fix a smooth variety
Y projective over Z such that there are birational contractions Y 99K X and Y 99K X ′
over Z. We prove Theorem 3.4 by induction on ρ(Y/Z)−max{ρ(X/Z), ρ(X ′/Z)}.
We first consider the case where ρ(Y/Z)−max{ρ(X/Z), ρ(X ′/Z)} < 0. But the case
cannot happen because of Lemma 3.2, thus we finish this case. In particular, we settle
the starting point of the induction.
From now on, we assume ρ(Y/Z)−max{ρ(X/Z), ρ(X ′/Z)} ≥ 0. By switching (X,∆)
and (X ′,∆′) if necessary, we may assume ρ(X/Z) ≥ ρ(X ′/Z). By Proposition 3.1, there
is a projective small birational morphism ψ : X¯ → X from a normal quasi-projective
variety such that by putting ∆¯ = ψ−1
∗
∆ we have
• ψ is an isomorphism over U , and
• there is an ample R-divisor A′ ≥ 0 on X ′ such that (X ′,∆′ +A′) is lc and if we
set A¯ as the birational transform of A′ on X¯ , then KX¯ +∆¯+ A¯ is R-Cartier and
the pair (X¯, ∆¯ + A¯) is lc.
Note that (X¯, ∆¯) is lc and KX¯+∆¯ is nef since KX¯+∆¯ = ψ
∗(KX+∆). By construction,
the set ψ−1(U) intersects all lc centers of (X¯, ∆¯) and the composition φ ◦ ψ : X¯ 99K X ′
is an isomorphism on ψ−1(U). Therefore, the lc pairs (X¯, ∆¯) and (X ′,∆′) and the map
φ ◦ ψ : X¯ 99K X ′ over Z satisfy the hypothesis of Theorem 3.4. It is obvious that
ρ(Y/Z)−max{ρ(X¯/Z), ρ(X ′/Z)} ≤ ρ(Y/Z)−max{ρ(X/Z), ρ(X ′/Z)}.
From this and argument in the first paragraph, we may replace (X,∆) with (X¯, ∆¯). In
this way, replacing (X,∆), we may assume that there is an ample R-divisor A′ ≥ 0 on
X ′ such that (X ′,∆′ +A′) is lc, A := φ−1
∗
A′ is R-Cartier and the pair (X,∆+A) is lc.
For any t ∈ (0, 1), the pair (X ′,∆′+ tA′) is lc and KX′+∆
′+ tA′ is ample over Z. So
the pair (X ′,∆′ + tA′) is the log canonical model of (X,∆+ tA) over Z. In particular,
(X,∆+ tA) has a good minimal model over Z for any t ∈ (0, 1). By argument of length
of extremal rays ([2, Section 18] and [4, Theorem 4.7.2], see also [6, Remark 2.13]),
we can find ǫ ∈ (0, 1) such that the birational transform of KX + ∆ is trivial over all
extremal contractions of any sequence of steps of the (KX +∆+ ǫA)-MMP over Z. By
Theorem 2.9, there is a sequence of steps of a (KX +∆+ ǫA)-MMP over Z
(X,∆+ ǫA) = (X0,∆0 + ǫA0) 99K (X1,∆1 + ǫA1) 99K · · · 99K (Xl,∆l + ǫAl)
terminating with a good minimal model (Xl,∆l+ ǫAl). Then all maps Xi 99K Xi+1 are
flips since KX + ∆ + ǫA is movable over Z. Since (X
′,∆′ + ǫA′) is the log canonical
model of (X,∆+ tA) over Z, there is a natural small birational morphism ψ′ : Xl → X
′
such that ∆′ = ψ′
∗
∆l. For each 0 ≤ i < l, we denote the birational map Xi 99K Xi+1
by ϕi. As in Remark 2.7 (3), each birational map ϕi induces an injective linear map
ϕi∗ : N
1(Xi/Z)R → N
1(Xi+1/Z)R. Then
ρ(X/Z) ≤ · · · ≤ ρ(Xi/Z) ≤ ρ(Xi+1/Z) ≤ · · · ≤ ρ(Xl/Z).
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Now there are two possibilities: ρ(X/Z) < ρ(Xl/Z) and ρ(X/Z) = ρ(Xl/Z).
First we assume ρ(X/Z) < ρ(Xl/Z). Because the stable base locus of KX +∆+ ǫA
over Z is contained in X \ U , by basic properties of log MMP, the induced birational
map X 99K Xl is an isomorphism on U , and the image of U on Xl is ψ
′−1(φ(U)). Since
KXl +∆l = ψ
′∗(KX′ +∆
′), all lc centers of (Xl,∆l) intersect ψ
′−1(φ(U)). In this way,
the birational map (X,∆) 99K (Xl,∆l) over Z satisfies the hypothesis of Theorem 3.4.
Now we have ρ(X/Z) = max{ρ(X/Z), ρ(X ′/Z)}, therefore
ρ(Y/Z)−max{ρ(X/Z), ρ(Xl/Z)} < ρ(Y/Z)−max{ρ(X/Z), ρ(X
′/Z)}.
The argument in the first paragraph shows that we may replace (X ′,∆′) with (Xl,∆l).
Replacing (X ′,∆′) with (Xl,∆l) and by the induction hypothesis of Theorem 3.4, we
see that Theorem 3.4 holds in this case.
Next, we assume ρ(X/Z) = ρ(Xl/Z). Then ρ(Xi/Z) = ρ(Xi+1/Z) for any 0 ≤ i < l.
All we have to prove is that X 99K Xl is a sequence of symmetric flops which satisfy
property (b) of Theorem 3.4. Note that the birational map X 99K Xl is a sequence of
flops for KX + ∆ over Z since each ϕi : Xi 99K Xi+1 is a flip over Z and KXi + ∆i is
trivial over the extremal contraction of the (i+1)-th step of the log MMP. Fix 0 ≤ i < l
and consider the (i+ 1)-th step of the log MMP
Xi
ϕi
//❴❴❴❴❴❴❴
gi
❅
❅❅
❅❅
❅❅
❅
Xi+1
g′
i}}④④
④④
④④
④④
Vi
where −(KXi+∆i+ǫAi) is ample over Vi by construction. Since ρ(Xi/Z) = ρ(Xi+1/Z),
we can apply Lemma 2.5. By Lemma 2.5, the flops is symmetric and there is Ei+1 ≥ 0
on Xi+1 such that (Xi+1,∆i+1 + Ei+1) is lc and −(KXi+1 +∆i+1 + Ei+1) is ample over
Vi. Then the divisors ∆i + ǫAi and ∆i+1 + Ei+1 satisfy Theorem 3.4 (b). So we are
done. 
Proof of Theorem 1.1. It immediately follows from Theorem 3.4 and Lemma 2.6. 
Proof of Theorem 1.2. Firstly, we prove the first assertion of Theorem 1.2. We only
prove the existence of a small Q-factorialization ofX ′ under the assumption on existence
of a small Q-factorialization f : W → X because the another direction can be proved
similarly. We put Γ = f−1
∗
∆. Then (W,Γ) is lc since KW +Γ = f
∗(KX+∆). By taking
a common resolution of φ and the negativity lemma, we have a(P,X,∆) = a(P,X ′,∆′)
for any prime divisor P over X . Thus the set φ(U) intersects all lc centers of (X ′,∆′).
Let A′ ≥ 0 be an ample R-divisor on X ′ such that (X ′,∆′ + A′) is lc, and let AW be
the birational transform of A′ on W .
We show that there is ǫ > 0 such that the pair (W,Γ + ǫAW ) is lc. It is sufficient to
prove that SuppAW contains no lc centers of (W,Γ). Pick any prime divisor P over W
with a(P,W,Γ) = −1. Then it is easy to check a(P,X ′,∆′) = −1. We denote the center
of P on W (resp. X ′) by cW (P ) (resp. cX′(P )). Then cX′(P ) is an lc center of (X
′,∆′)
and cX′(P ) intersects φ(U). Since (X
′,∆′+A′) is lc, we have cX′(P )|φ(U) 6⊂ SuppA
′|φ(U).
By hypothesis, the induced birational map φ◦f : W 99K X ′ is small and it is a morphism
over φ(U). Since f : W → X is small, the restriction AW |f−1(U) is equal to the pullback
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of A′|φ(U) to f
−1(U). Then cW (P )|f−1(U) 6⊂ SuppAW |f−1(U), so any lc center of (W,Γ) is
not contained in SuppAW . Therefore, we can find ǫ > 0 such that (W,Γ + ǫAW ) is lc.
Since W 99K X ′ is small and KX′ +∆
′ + ǫA′ is ample over Z, the pair (X ′,∆′+ ǫA′)
is the log canonical model of (W,Γ+ ǫAW ) over Z. By Theorem 2.9, we may construct
a sequence of steps of a (KW + Γ + ǫAW )-MMP over Z
(W,Γ + ǫAW ) 99K (W
′,Γ′ + ǫAW ′)
to a good minimal model over Z, and there is a natural birational morphism W ′ → X ′.
By Remark 2.7 (4) the varietyW ′ is Q-factorial, andW ′ → X ′ is small by construction.
In this way, we see that X ′ has a small Q-factorialization.
From now on, we freely use notation as in Theorem 3.4. Next, we prove the second
assertion of Theorem 1.2. By property (a) of Theorem 3.4 and Lemma 3.3, we obtain
Rqf∗OX = 0 and R
qf ′
∗
O
X
′ = 0 for any q > 0. By relative Leray spectral sequences,
there are isomorphisms of sheaves on Z
(1) Rpπ∗OX
∼
−→ Rp(π ◦ f)∗OX and R
pπ′
∗
OX′
∼
−→ Rp(π′ ◦ f ′)∗OX′ .
For each 0 ≤ i < l, we denote the induced morphism Vi → Z by πi. To prove the second
assertion of Theorem 1.2, it is sufficient to prove the existence of an isomorphism
(2) Rp(πi ◦ gi)∗OXi
∼
−→ Rp(πi ◦ g
′
i)∗OXi+1
for any p > 0 and each i. By property (b) of Theorem 3.4 and [4, Theorem 5.6.4], we
have Rqgi∗OXi = R
qg′i∗OXi+1 = 0. By relative Leray spectral sequences, we obtain
Rp(πi ◦ gi)∗OXi
∼
←− Rpπi∗OVi
∼
−→ Rp(πi ◦ g
′
i)∗OXi+1
for any p > 0. In this way, we get the isomorphism (2). By (1) and (2), the second
assertion of Theorem 1.2 holds.
Finally, we prove the third assertion of Theorem 1.2. Pick any Cartier divisor D on
X such that D ≡Z r(KX+∆) for an r ∈ R. For any 0 ≤ i ≤ l, we denote the birational
transforms ofD and ∆ onXi byDi and ∆i, respectively. Suppose thatDi is Cartier and
Di ≡Z r(KXi +∆i). Then Di ≡Vi 0 by construction. By property (b) of Theorem 3.4
and [2, Theorem 13.1], the divisor mDi is gi-globally generated for any m≫ 0, in other
words, the morphism g∗i gi∗OXi(mDi) → OXi(mDi) is surjective for any m≫ 0. Since
Di ≡Vi 0, we see thatmDi is linearly equivalent to the pullback of a Cartier divisor on Vi
for any m≫ 0. In this way, we can find a Cartier divisor Gi on Vi such that Di ∼ g
∗
iGi.
Then we have Di+1 ∼ g
′∗
i Gi, thus Di+1 is Cartier, and Di+1 ≡Z r(KXi+1 +∆i+1). Since
D0 = f
∗D is Cartier and D0 ≡Z r(KX0 +∆0), we can check by induction on i that the
birational transform D
′
on X
′
= X l is Cartier and D
′
≡Z r(KX′+∆
′
). By property (a)
of Theorem 3.4, we may apply Lemma 3.3 to f ′ : X
′
→ X ′ and D
′
, then φ∗D = f
′
∗
D
′
is
Cartier. Furthermore, we have φ∗D ≡Z r(KX′ + ∆
′). In this way, the third assertion
of Theorem 1.2 holds. We complete the proof. 
Proof of Corollary 1.3. It follows from Lemma 2.8 and Theorem 1.2. 
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4. Examples
Example 4.1. We give a simple example of two projective (not necessarily Q-factorial)
klt log minimal models (X,∆) and (X ′,∆′) such that the pairs cannot be connected by
a sequence of flops.
Let (X,∆) be a klt pair such that KX +∆ is nef, X is not Q-factorial and ρ(X) = 1.
For example, take X as a normal projective cone over P1 × P1 and (X,∆) as a klt pair
such that KX +∆ ∼Q 0. Let X
′ be a small Q-factorialization of X , and let ∆′ be the
birational transform of ∆ on X ′. Then (X,∆) and (X ′,∆′) cannot be connected by
flops because ρ(X) = 1 which implies that there is no non-trivial morphism from X .
From now on, we construct a diagram to give examples (cf. [9, Exercise 96] and [4,
Example 3.13.9]).
Construction. Let V be a smooth Fano variety such that ρ(V ) = 1, and let W be
a smooth projective variety such that KW ∼Q 0. We define pV : V × W → V and
pW : V ×W → W by natural projections. Fix an ample Q-divisor HV ∼Q −KV and fix
an ample Q-divisor HW on W , then put HV×W = p
∗
VHV + p
∗
WHW . We pick an integer
m > 0 such that mHV×W is a very ample Cartier divisor. We consider a P
1-bundle
f : Y = PV×W (OV×W ⊕OV ×W (−mHV×W ))→ V ×W.
Let T be the unique section corresponding to OY (1), and put AY = T + mf
∗HV×W .
Since −KV×W ∼Q p
∗
VHV , we obtain KY +T +AY +f
∗p∗VHV ∼Q 0. By construction, we
also see that AY , AY +f
∗p∗VHV and AY +f
∗p∗WHW are all semi-ample, Y is smooth, and
the pair (Y, T ) is lc. Let g : Y → X , gV : Y → XV and gW : Y → XW be contractions
induced by AY , AY + f
∗p∗VHV and AY + f
∗p∗WHW , respectively. These morphisms are
isomorphisms outside T . By calculations of intersection numbers of curves on Y with
those three semi-ample divisors, we see that all curves on Y contracted by gV or gW are
contracted by g. So there are birational morphisms πV : XV → X and πW : XW → X
such that g = πV ◦ gV = πW ◦ gW . We have constructed the following diagram.
V ×W
pV
{{✈✈
✈✈
✈✈
✈✈ pW
$$■
■■
■■
■■
■
Y
f
oo
gV
}}④④
④④
④④
g

gW
!!❈
❈❈
❈❈
❈
V W XV
piV !!❈
❈❈
❈❈
❈
XW
piW}}③③
③③
③③
X
By construction, the image of T by g is a point. Since the restriction ofAY+f
∗p∗VHV and
AY +f
∗p∗WHW to T are not big, we see that dimT > dimgV (T ) and dimT > dimgW (T ).
Since g : Y → X is an isomorphism outside T , we see that the morphisms πV and πW
are small birational morphisms. Then the induced birational map XV 99K XW is small.
The relation AY = g
∗g∗AY shows
g∗V gV ∗AY = g
∗
V gV ∗g
∗g∗AY = g
∗
V π
∗
V g∗AY = g
∗g∗AY = AY .
Similarly, we have AY = g
∗
WgW∗AY . Put HXV = gV ∗f
∗p∗VHV and HXW = gW∗f
∗p∗WHW .
It is easy to see AY+f
∗p∗VHV = g
∗
V gV ∗(AY+f
∗p∗VHV ) since gV is the contraction induced
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by AY + f
∗p∗VHV . Using these two relations
AY = g
∗
V gV ∗AY and AY + f
∗p∗VHV = g
∗
V gV ∗(AY + f
∗p∗VHV ),
we see that HXV is Q-Cartier and f
∗p∗VHV = g
∗
VHXV . Similarly, we see that HXW is Q-
Cartier and f ∗p∗WHW = g
∗
WHXW . Since HV and HW are ample, both HXV and HXW are
semi-ample, and contractions induced by HXV and HXW are morphisms hV : XV → V
and hW : XW → W satisfying pV ◦ f = hV ◦ gV and pW ◦ f = hW ◦ gW , respectively.
Then HXV = h
∗
VHV and HXW = h
∗
WHW .
We have constructed the following diagram
Y
pV ◦f
vv♠♠♠
♠♠♠
♠♠♠
♠♠♠
♠♠♠
♠
gV}}③③
③③
③③
③③
gW ""❊
❊❊
❊❊
❊❊
❊
pW ◦f
((❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
V XV
hV
oo
piV !!❉
❉❉
❉❉
❉❉
//❴❴❴❴❴❴❴ XW
piW||②②
②②
②②
②②
hW
// W
X
and Q-Cartier divisors
•HV ∼Q −KV , •HXV = gV ∗(pV ◦ f)
∗HV ,
•HW , •HXW = gW∗(pW ◦ f)
∗HW , and
• AY = T +m(pV ◦ f)
∗HV +m(pW ◦ f)
∗HW
satisfying
(1) Y is smooth and (Y, T ) is lc,
(2) KY + T + AY + (pV ◦ f)
∗HV ∼Q 0,
(3) AY = g
∗
V gV ∗AY = g
∗
WgW∗AY = (πW ◦ gW )
∗(πW ◦ gW )∗AY , and
(4) (pV ◦ f)
∗HV = g
∗
VHXV and (pW ◦ f)
∗HW = g
∗
WHXW .
By construction, the following property also holds.
(♠) gV ∗AY +HXV , gW∗AY +HXW and (πV ◦ gV )∗AY are ample.
We investigate properties of diagram consisting of πV : XV → X , πW : XW → X and
the map XV 99K XW over X .
Proposition 4.2. With notation as in Construction, the followings hold true.
(i) The pair (XW , 0) is Q-factorial klt and ρ(XW ) = ρ(W ) + 1,
(ii) the divisors −gW∗(pV ◦ f)
∗HV and HXV are both ample over X,
(iii) the equality dimHp(XW ,OXW ) = dimH
p(W,OW ) holds for any p > 0, and
(iv) the variety XV is lc Fano.
Step 1. Firstly, we show (i).
Pick any Weil divisor D on XW . Then g
−1
W∗D is Cartier, and it is linearly equivalent
to the sum of a multiple of T and the pullback of a Cartier divisor on V × W ([5,
Excercise III, 12.5]). Therefore, we can find a Cartier divisor D′ on V ×W such that
D ∼ gW∗f
∗D′ as Weil divisors. Recall that V is a smooth Fano variety with ρ(V ) = 1,
so H1(V,OV ) = 0 and therefore any Q-Cartier divisor on V is Q-linearly equivalent to
some multiple of HV . Since W is smooth, we can find α, β ∈ Z and a Cartier divisor
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DW on W such that α 6= 0 and αD
′ ∼ βp∗VHV + p
∗
WDW as Cartier divisors ([5, III,
Exercise 12.6 (b)]). Then
αD ∼ gW∗f
∗(βp∗VHV + p
∗
WDW ) = βgW∗(pV ◦ f)
∗HV + h
∗
WDW
as Weil divisors. Therefore, to show that XW is Q-factorial, we only need to show that
gW∗(pV ◦ f)
∗HV is Q-Cartier. Now the divisors gW∗AY = m
(
gW∗(pV ◦ f)
∗HV +HXW
)
and HXW are both Q-Cartier. Thus, we see that gW∗(pV ◦ f)
∗HV is Q-Cartier. Then
D is Q-Cartier, and therefore XW is Q-factorial.
By the above argument, any R-Cartier divisor on XW is R-linearly equivalent to an
R-linear combination of gW∗(pV ◦ f)
∗HV and the pullback of an R-Cartier divisor on
W . From this, we have ρ(XW ) ≤ ρ(W ) + 1. On the other hand, the existence of the
morphism hW : XW →W shows that ρ(XW ) > ρ(W ). Therefore ρ(XW ) = ρ(W ) + 1.
We put BXW = gW∗(pV ◦ f)
∗HV . Then
KY + T + AY + (pV ◦ f)
∗HV = g
∗
W (KXW + gW∗AY +BXW )
by (2). By (3), we obtain KY + T + (pV ◦ f)
∗HV = g
∗
W (KXW +BXW ). Furthermore, we
have g∗WBXW =
1
m
T + (pV ◦ f)
∗HV because
g∗WBXW = g
∗
W (
1
m
gW∗AY −HXW ) =
1
m
AY − g
∗
WHXW =
1
m
T + (pV ◦ f)
∗HV
by definition of AY and (4). Hence we see that KY + (1−
1
m
)T = g∗WKXW . By (1), the
pair (Y, (1− 1
m
)T ) is klt, so (XW , 0) is klt.
Step 2. Secondary, we show (ii). Note that the divisor HXV is the birational transform
of gW∗(pV ◦ f)
∗HV on XV .
We use the notation BXW := gW∗(pV ◦ f)
∗HV in Step 1. By (3) and definitions of
HXW and AY , we obtain m(BXW +HXW ) = gW∗AY ∼Q,X 0. Moreover, the divisor HXW
is ample over X since HXW + gW∗AY is ample by (♠) and HXW + gW∗AY ∼Q,X HXW
by (3). Hence −BXW is ample over X . We also have HXV ∼Q,X HXV + gV ∗AY by (3).
Since gV ∗AY ∼Q,X 0, by (♠), we see that HXV is ample over X .
Step 3. Thirdly, we show (iii).
By applying Leray spectral sequence to hW : XW → W , it is sufficient to prove that
RqhW∗OXW = 0 for any q > 0. Since (XW , 0) is klt, by Kawamata–Viehweg vanishing
theorem, it is sufficient to prove that −KXW is nef and big over W . The argument in
Step 1 shows KY + (1−
1
m
)T = g∗WKXW . By (2), we have
KY + T + AY + (pV ◦ f)
∗HV + (pW ◦ f)
∗HW ∼Q,W 0.
Then, by construction of AY , we obtain
−(KY + (1−
1
m
)T ) ∼Q,W AY +
1
m
T + (pV ◦ f)
∗HV + (pW ◦ f)
∗HW = (1 +
1
m
)AY .
Then −(KY +(1−
1
m
)T ) is nef and big over W by (3) and (♠). In this way, we see that
−KXW is also nef and big over W and therefore R
qhW∗OXW = 0 for any q > 0. Then
we have dimHp(XW ,OXW ) = dimH
p(W,OW ) for any p > 0.
Step 4. Finally, we prove (iv).
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By (2) and definition of HXV , we have KXV +gV ∗AY +HXV ∼Q 0. Since gV ∗AY +HXV
is ample by (♠), we see that −KXV is ample. By (2), we have
KY + T + AY + (pV ◦ f)
∗HV = g
∗
V (KXV + gV ∗AY +HXV ).
Moreover, we have KY + T = g
∗
VKXV by (3) and (4). Therefore, (XV , 0) is lc.
Since XV is lc Fano, there is a Q-divisor ∆XV ≥ 0 on XV such that KXV +∆XV ∼Q 0
and the pair (XV ,∆XV ) is lc. Let ∆XW be the birational transform of ∆XV on XW .
Then KXW +∆XW ∼Q 0 and (XW ,∆XW ) is lc.
From now on, we introduce various examples with this construction. In the rest
of discussions, (i), (ii), (iii), and (iv) denotes the properties (i), (ii), (iii), and (iv) of
Proposition 4.2 respectively. Note that although we do not take V explicitly in the
examples below, we can take Pn as V .
Example 4.3. First we give a flop for a Q-factorial lc pair which is not symmetric.
Take W as in Construction such that ρ(W ) = 1 and H1(W,OW ) 6= 0, for example,
take W as an elliptic curve. We consider the diagram.
XW //❴❴❴❴❴❴❴
piW
!!❈
❈❈
❈❈
❈❈
❈
XV
piV
}}⑤⑤
⑤⑤
⑤⑤
⑤⑤
X
Then ρ(XW/X) = 1. Indeed, by (i), we have ρ(XW ) = 2. We have 1 ≤ ρ(X) < ρ(XW ),
so ρ(X) = 1. Since ρ(XW/X) ≤ ρ(XW ) − ρ(X), we see that ρ(XW/X) = 1. By (ii),
we see that the morphism πW is a
(
gW∗(pV ◦ f)
∗HV
)
-flipping contraction and πV is the
flip of πW . Therefore, the diagram is a flop for KXW + ∆XW . Moreover, by (i), XW
is Q-factorial. On the other hand, XV is not Q-factorial. Indeed, with notation as in
Construction, pick a non-torsion M ≡ 0 on W and take the birational transform MXV
of h∗WM on XV . If XV is Q-factorial, then MXV ≡ 0, so MXV ∼Q 0 by [2, Theorem
13.1] and (iv). Then h∗WM ∼Q 0, hence M ∼Q 0 which contradicts our choice of M .
Thus, XV is not Q-factorial. In particular, the flop is not symmetric by Lemma 2.6. In
this way, the above example shows that flops are not always symmetric. So the flops
does not satisfies the condition (∗) in Theorem 1.1.
Remark 4.4. We give a further remark on Example 4.3. Since ρ(XW ) = 2 and
ρ(XW/X) = 1, by Lemma 3.2, we have ρ(XV ) = 2 and ρ(XV /X) = 1. We see thatKXW
is ample overX since 0 ∼Q KXW+gW∗AY +gW∗(pV ◦f)
∗HV ∼Q,X KXW+gW∗(pV ◦f)
∗HV
((2) and (3)) and −gW∗(pV ◦ f)
∗HV is ample over X (ii). Then the diagram
XV //❴❴❴❴❴❴❴
piV
!!❇
❇❇
❇❇
❇❇
❇
XW
piW
}}④④
④④
④④
④④
X
is a KXV -flip and a flop for KXV + ∆XV . As we have seen in Example 4.3, the flop is
not symmetric. In this way, this example shows that flops are not always symmetric
even if it is a flip for canonical divisor and the differences between Picard numbers of
varieties of the flipping contraction and the flip are one.
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Example 4.5. Next, we introduce an example which shows that the assumption on
the existence of an open set U in the hypothesis of Theorem 1.1 and Theorem 1.2 is
necessary to obtain the same conclusions as in Theorem 1.1 and Theorem 1.2.
In the same way as in Example 4.3, we takeW as in Construction such that ρ(W ) = 1
and H1(W,OW ) 6= 0. We consider the small birational map
XV 99K XW
and the pairs (XV ,∆XV ) and (XW ,∆XW ) which are log minimal models of (XV ,∆XV ).
Firstly, we check that the same conclusion as in Theorem 1.1 does not hold for the lc
pairs (XV ,∆XV ) and (XW ,∆XW ). Note that all small birational morphisms appearing
in the conclusion of Theorem 1.1 are extremal contractions. So, if the same conclusion
as in Theorem 1.1 holds for (XV ,∆XV ) and (XW ,∆XW ), then the birational transforms
of all numerically trivial Q-Cartier divisors by XW 99K XV must be Q-Cartier. As in
the argument in Example 4.3, with notation as in Construction, we pick a non-torsion
Cartier divisor M ≡ 0 on W , and consider the birational transform MXV of h
∗
WM on
XV . As in the argument in Example 4.3, we see thatMXV is not Q-Cartier. In this way,
the same conclusion as in Theorem 1.1 does not hold for (XV ,∆XV ) and (XW ,∆XW ).
Secondly, we check that all the statements as in Theorem 1.2 does not hold for the
lc pairs (XV ,∆XV ) and (XW ,∆XW ). By (i), XW is Q-factorial and ρ(XW ) = 2. The
argument in the previous paragraph shows that XV is not Q-factorial. From these
facts, if XV has a small Q-factorialization X˜ → XV , then ρ(X˜) > ρ(XV ) > ρ(X) = 1.
Therefore we have ρ(X˜) ≥ 3. On the other hand, we have ρ(X˜) ≤ ρ(XW ) = 2 by
Lemma 3.2, which is a contradiction. From this, we see that XV cannot have a small
Q-factorialization. In this way, the first assertion of Theorem 1.2 does not hold for
(XV ,∆XV ) and (XW ,∆XW ).
The variety XV is lc Fano (see (iv)), so dimH
1(XV ,OXV ) = 0 by [4, Theorem 5.6.4].
On the other hand, we have dimH1(XW ,OXW ) = dimH
1(W,OW ) > 0 by (iii). Then
dimH1(XV ,OXV ) 6= dimH
1(XW ,OXW )
and the second assertion of Theorem 1.2 does not hold for (XV ,∆XV ) and (XW ,∆XW ).
In the third paragraph we have checked that h∗WM ≡ 0 is Cartier but MXV is not
even Q-Cartier. So the third assertion of Theorem 1.2 does not hold.
Example 4.6. This example shows that to prove the second assertion of Theorem 1.2,
the assumption on existence of an open subset as in Theorem 1.2 is necessary even if
both varieties of the lc pairs are Q-factorial.
Take W as in Construction such that Pic(W ) ≃ Z and dimHp(W,OW ) > 0 for some
p > 0. For example, we take W as a smooth hypersurface of degree d + 2 in Pd+1 for
some d ≥ 3 (then Pic(W ) ≃ Pic(Pd+1) ≃ Z by Grothendieck–Lefschetz theorem, and
dimHd(W,OW ) = 1 by KW ∼ 0 and Serre duality). We consider the birational map
XV 99K XW .
Then the lc pairs (XV ,∆XV ) and (XW ,∆XW ) are log minimal models of (XV ,∆XV ),
and XW is Q-factorial by (i). In the same way as in Step 1, we can prove that XV is
Q-factorial. Indeed, with notation as in Construction, for any Weil divisor D˜ on XV we
can find a Cartier divisor D˜′ on V ×W such that D˜ ∼ gV ∗f
∗D˜′ as Weil divisors. Because
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Pic(W ) ≃ Z, V is a smooth Fano variety, and W is smooth, we can find α˜, β˜ ∈ Z and
a Cartier divisor D˜V on V such that α˜ 6= 0 and α˜D˜
′ ∼ p∗V D˜V + β˜p
∗
WHW as Cartier
divisors ([5, III, Exercise 12.6 (b)]). Then
α˜D˜ ∼ gV ∗f
∗(p∗V D˜V + β˜p
∗
WHW ) = h
∗
V D˜V + β˜gV ∗(pW ◦ f)
∗HW
as Weil divisors, and the right hand side is Q-Cartier. So XV is Q-factorial. The variety
XV is lc Fano by (iv), then dimH
p(XV ,OXV ) = 0 by [4, Theorem 5.6.4]. On the other
hand, we have dimHp(XW ,OXW ) = dimH
p(W,OW ) 6= 0 by our choice of W .
Remark 4.7 (cf. [4, Example 3.13.9]). As in Example 4.6, take W as in Construction
such that Pic(W ) ≃ Z and dimHq(W,OW ) > 0 for some q > 0. As in Remark 4.4, we
have ρ(XV /X) = 1 and the diagram
XV //❴❴❴❴❴❴❴
piV
!!❇
❇❇
❇❇
❇❇
❇
XW
piW
}}④④
④④
④④
④④
X
is a flip for the Q-factorial lc pair (XV , 0). The variety XV is lc Fano by (iv), but XW
is not even lc Fano type, i.e., there is no divisor G ≥ 0 on XW such that (XW , G) is
lc and −(KXW + G) is ample. Indeed, if XW is of lc Fano type, then we must have
dimHq(XW ,OXW ) = 0 by [4, Theorem 5.6.4], which contradicts our choice of W . So
XW is not of lc Fano type. We have 0 = dimH
q(XV ,OXV ) by [4, Theorem 5.6.4].
In this way, the above flip shows the following facts:
• Flips for Q-factorial lc pairs do not always preserve dimension of cohomology of
the structure sheaf, and
• Flips for Q-factorial lc pairs do not always keep property of being lc Fano type.
Example 4.8. Finally, we give two log minimal models of a projective lc pair such that
the Cartier indices of log canonical divisors are different.
We take W as in Construction such that H0(W,OW (KW )) = 0, for example, we take
W as an Enriques surface. We take V so that −KV is a base point free Cartier divisor.
By construction, we have
KY + T + AY − (pV ◦ f)
∗KV − (pW ◦ f)
∗KW ∼ 0
and both AY and −(pV ◦ f)
∗KV are base point free Cartier divisors. We pick a general
member GY in the linear system of AY − (pV ◦ f)
∗KV such that (Y, T +GY ) is lc. Let
GXW and GX be the birational transforms of GY on XW and X , respectively. Because
KW ∼Q 0, we obtain KXW + GXW ∼Q 0 and KX + GX ∼Q 0, and both (XW , GXW )
and (X,GX) are lc. In particular, (XW , GXW ) and (X,GX) are log minimal models of
(X,GX). We prove that KXW +GXW is Cartier but KX +GX is not Cartier. We have
KXW +GXW ∼ gW∗(KY + T + AY − (pV ◦ f)
∗KV ) ∼ gW∗(pW ◦ f)
∗KW = h
∗
WKW .
Therefore KXW +GXW is Cartier. On the other hand, by construction, KY + T + GY
is equal to the pullback of KX + GX . Recall that the image of T by the morphism
Y → X is a point. From these facts, if KX +GX is Cartier then (KY + T +GY )|T ∼ 0.
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We also have KY + T + GY ∼ (pW ◦ f)
∗KW , furthermore, T ≃ V ×W which implies
that the morphism (pW ◦ f)|T : T → W is a contraction. Therefore, we have
dimH0(W,OW (KW )) = dimH
0(T,OT ((KY + T +GV )|T )) = 1,
a contradiction. In this way, KX +GX is not Cartier. From this discussion, we see that
Cartier index of KXW +GXW is different from that of KX +GX .
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